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Exceptional gauge theories in 3 X 3 matrix formalism
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Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Moscow,
USSR

Received 9 January 1978

Abstract. A matrix interpretation of Tits~Vinberg construction for the Lie algebras of
exceptional groups is proposed. We use 3 X 3 matrices over Rosenfeld algebra completed
with its automorphisms which are induced via external multiplication of imaginary units.
This allows one to express exceptional gauge theories in a compact and comprehensible
form suitable for the purposes of model building.

1. Introduction

Recently, interesting attempts to unify strong, weak and electromagnetic interactions
into a single gauge theory based upon exceptional groups have been made by Giirsey
and other authors (Giirsey 1975, Giirsey et al 1976, Giirsey and Sikivie 1976, Sikivie
and Giirsey 1977, Konstein et al 1977, Ramond 1976, 1977), However, exceptional
groups possess high dimensions (e.g. dim E¢ =78, dim E; = 133) and a huge number
of structure constants respectively. Therefore in the standard gauge theory formula-
tion where the fundamental representation of dimension N is described by an element
of N-dimensional vector space, and so on, all the calculations become tedious making
the results hard to comprehend. At the same time a close connection is well known
between all the exceptional groups and 3 X3 matrices over the Cayley algebra of
octonions. Their fundamental representations can be treated compactly in terms of
such matrices and this fact was used by Giirsey (1975). However, their adjoint
representations also include the automorphisms of the so called Rosenfeld algebras.

In the present paper some external multiplication operation of imaginary units is
introduced to represent these automorphisms. In such a way a purely matrix formu-
lation of the Tits—Vinberg construction is achieved entirely in terms of 3 X 3 matrices.
The formalism proposed gives a possible way of making compact exceptional gauge
theories in an adequate group structure form. Both fundamental and adjoint
representations are found to be generalised 3 X3 matrices. The invariants take a
simple form. All the calculations reduce to multiplications of these matrices and
manipulations with the traces of their products. Reduction of the initial grand group
to physically interesting subgroups becomes trivial.

2. An octoniai description of exceptional gauge theories

According to the famous Hurwitz theorem all the hypercomplex systems of numbers
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reduce to the algebras of real numbers (R), complex numbers (C), quaternions (Q) and

octonions (Q).

Table 1.
Algebra R C Q o
Basis 1 1,i t.q, i=1,2,3 1,e, a=1...7
Multiplication table 1.1=1 2= -1 4k = ~ i + € €ats = ~ Oap + faprey
Involution —_ i35 q; i- q; €a - €q
131 151 131
Continuous group of —_ — SO®3) G,

automorphisms

In table 1, €, is a totally antisymmetric tensor of rank 3, f,g, are totally antisymmetric
and fapy=1foraBy=(123)(516),(624),435),471),673),(572).
Let us define the quantities e,z to represent infinitesimal automorphisms of Q:

[€ass 4] = Lag,vss 1
[eas,s €vs] = Cup ys,urlur )

where L.g s is a realisation of infinitesimal automorphism on imaginary units e,
Lag.vs = 3804085 —38as0py — fapefevs

and C,g s, are structure constants of group G; in such a realisation.
Now we introduce an external multiplication of imaginary units

eaVeg=—eg\ ea=eug (3)

and supply the resulting set of elements £ = {1, e,, €,5} with the structure of an algebra
with involution. The latter must be in agreement with involution in {1, e,}. Then
transformation properties of e, and e,z under the automorphisms group together with
the involution ‘*’

* *
Co > — oy Cap > — €ap 4)

fix the anticommutators:
{eaB’ ey} = 0 (5)
{eaﬁ, e‘yé} = Laﬁ,‘y&- (6)

(An arbitrary constant on the right-hand side of equation (6) is chosen to be one
because of the subsequent realisation of the Tits—Vinberg construction.) Further
definitions

eaB Veys = %[eaBy e‘y&] (7)
eaV €ay = %[em €ay) (8

give us the construction of £0 closed with respect to both usual and external
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multiplication. We may formally introduce an external multiplication in the remain-
ing Hurwitz algebras and equate it to the usual commutator of imaginary units. In R
and C it results identically in zero, and in Q it gives an element e;xqx because

(e, @) = (Bubim — 8imdi)

realises an infinitesimal automorphism of SO(3) on ¢.. Now we have to consider an
arbitrary Rosenfeld algebra Hg =A™ ® O,

H;=R®0=0, H:=C®O, Hi=QQ®O0, Hi=0®O0.

Denote by g’ imaginary units of A™. Basic elements of Hg are

m m .
1’eaqu’ean, A=1,2,..,
and involution is given by
X m E3 * m
m m
€q > ~ €aq, dqAa >—(da, €ad A ~>€adA.

The external multiplication may be introduced naturally in Hg' by (3), (7) and (8) for
g~ and e, separately and by

gaVe.,=0 )
(@hea)V (q5es)=2qaqB e V es)+Heaes}aA V a5). (10)

Basic elements of the corresponding £-construction are

(1, 94, 4 4B, €q; €ap, €aqA).

It is clear that
[qABe.]=0; [eas, q4]=0. (11)

Thus the £-construction over algebra Hg' introduces its infinitesimal automorphisms
in the latter. Using it one may simplify the Tits—=Vinberg construction (Vinberg 1966)
for the Lie algebras of exceptional groups and utilise the latter efficiently in gauge
theory construction. Namely, an element of Lie algebra of exceptional group Fj, Es,
E,, Eg is represented by a sum of anti-Hermitian traceless matrix and infinitesimal
automorphism in H} H: Hiand HS respectively. £éHg being introduced gives us
the possibility of representing such an element as a single 3 X 3 anti-Hermitian matrix
over ¢Hg, which is a sum of the anti-Hermitian traceless matrix over Hg' and some
linear combination of elements g4p and e,

A = +(aaBqas + Adnglas) (12)

where E is the 3 X 3 unit matrix.

The Lie multiplication takes a simple form and is given by a generalised com-
mutator:

(AR )g = [ AR~ 3Tr{ARBE +3Tr[d \V B]E. (13)

Here [&f%] is a matrix commutator, [« \/ 8] is a matrix commutator in which matrix
elements are externally multiplied. The last term on the right-hand side of (13) is
needed for validity of the Jacobi identity and represents the corresponding term in the
Tits-Vinberg construction in terms of éHg'.

Thus, we have a realisation of the adjoint representation of any exceptional group
as a corresponding anti-Hermitian 3 x 3 matrix. For the purpose of gauge theory



1422 V Ogievetsky and V Tzeitlin

building we have to know the transformations of the fundamental representation. The
following trick is convenient to obtain fundamental representations (especially having
in mind 56 of E;). Using the fact that

F,cE¢< E;< Eg, (14)
with the help of decomposition of anti-Hermitian in Hg' matrix &:
-.9.¢ =A+ QAMA (15)

(where A is anti-Hermitian, M4 are Hermitian 3 X 3 matrices over octonions) it is easy
to extract an adjoint representation of the lower group from the adjoint represen-
tation of any (except F,) group in (14) and, using (13), to establish the trans-
formational properties of the remainder under transformations of this lower group.
For example, after exclusion of 52 (adjoint representation of F,) from 78 (adjoint
representation of Eg), 26 components remain, transforming according to the
fundamental representation of F,;. In such a way we get the known decompositions

E¢ with respectto Fy: 78 =52+26
E, with respect to Es: 133=78+27+27+1 (16)
Egwith respectto E;: 248 =133+56+56+1+1+1

and the following realisations of exceptional groups in fundamental representations
given in table 2. Now having all that is necessary, we proceed to build the gauge E¢
theory in octonion formalism. In such a theory the fundamental fermions combine in
a 27-plet which is 3 x 3 matrix N over H3, such that N* = N. The gauge fields (vector
mesons) form a 78-plet and they are represented by an anti-Hermitian matrix .Qi“ over

Table 2.

Group Adjoint Dim Fundamental Dim Realisation of group in

representation representation fundamental represen-
tation

Anti-Hermitian 3x 3 Jt

F,  matrix over ¢H} (see 52 26 g J=[dy, 7]
12)) o, TrJ=0
Anti-Hermitian 3% 3 , 27 8gN=odoN+Nsdj

E , ¥ = <! Es ¥2 2

¢ matrix over ¢éH3 o, 8 N=L+ih 27 e N=oAXN+Nog¥"t

Anti-Hermitian 3x3 A set (X, Y, n, ) where 8, X = sr X + Xl3
rrlatrix over §H§ Ay 7, ¢ are complex numbers, +2a*xX Y —ian —HoXx

E, di=d)+wat+w*a 133 and X and Y are of 56 g, Y=o Y+Yd:*
+q3¢FE where a =J,; +i/5, form J, +iJ, —2a><X+ia§+%i¢Y

_41tiqe L. .
w=— 8g,m =—3Tr{a* X}~-i¢n
g6 =31 Tr {a, Y}+id¢§

Anti-Hermitian 3% 3 Coincides with adjoint

E . e p

8 matrix over §H§ Ag 248 representation sfg 248 See (13)

+ Here a symbol J is used for Hermitian 3 x 3 matrix over O.
1 Here and thereafter a symbol ‘ +° denotes Hermitian conjugation in @ while symbol “*’
denotes replacement i » —i.

§ Freudenthal product is: a x b = $({a, 5} —=Tr(a)b —Tr(b)a + (Tr(a)Tr(b)~3Tr{a, bDE).
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¢H3. The covariant derivative is given by
DN =3,N +e(sd.N+Ns}) (17

where e is equivalent to the gauge constant, spinor indices being suppressed. The
covariant curl of vector field is

G =04, —0,5d, +e[d,d.]g (18)
For representations under consideration bilinear and trilinear invariants are

Tr{N*, M} (19a)

Tr{N*, (M + M ™)} (19b)

Tr(% + B*f*). (19¢)

Here N, M are 27-plets, o, # are 78-plets. Using equation (19) the invariant
Lagrangian is written in the compact form

L =Tr{N*, DN}Y+Tr(F,, %" + F**F*,) (20)

D=y,D,, spinor indices being suppressed. Analogously it is easy to introduce the
scalar field, transforming as 27 or 78 in the theory. The trilinear invariant

Tr{P xP), P}, P =27 (21)

is useful for constructing its Higgs self-interaction together with (19a) and its square.
This very compact and elegant form of the E¢ gauge theory can be translated into the
customary language of complex numbers using the so called split basis of the Cayley
algebra:

W, = €a +iea+3 u* _ea —iea+3
@ ) s a 2
_ a=1,2,3. 22)
y _l+ties u*_l—ie7
0 2 s 0 2

The advantages of such a basis were mentioned by Giirsey and Giinaydin (1973) (see
the corresponding multiplication table therein). We should remark only that u, and
u? transform as a triplet and anti-triplet respectively under SU°(3). The latter is the
subgroup of the automorphism group of octonions which leaves e, invariant and which
is identified with the colour symmetry in the theories under consideration.

Introducing the split-basis in fundamental and adjoint representations one comes
to the following decompositions of matrices over octonions

N=Mu} +M ug+Mu* + N,u, (23)

where M is a usual (complex) matrix of general form, ‘T’ denotes transposition of the
matrix, N, and M, are complex matrices of the form

0 Wy Mo
— Wy 0 Ve
\ T Ma —Vu 0 /
A =Buf + Bug+ Aqu* + Alu, + Guew + Ore- E; Lhk=1,...7 (24)

k=7
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where B and B are anti-Hermitian traceless complex matrices, A, is a traceless
complex matrix of general form, and 8y, 6, are real; ‘+’ with respect to usual matrices
means Hermitian conjugation. Known decompositions of E¢ with respect to the
maximal subgroup SU3)® SUB)® SU*(3)

27=(3.3.19+(3.1.3+(1.3.39

78 =(8.1.19+(1.8.19+(3.3.3%)+ (3.3.3%+(1.1.89
are derived immediately from definitions (13) and table 2, provided the generators of
SU(3)12) groups (remaining after extraction of SU(3)) are

25)

e7+i
2

SUB):: Ao =iUGA, Ao — Gell-Mann matrices

) (26)
€71

SU(3)2 3

Ae = —iUgA, a=1.2,...,8.

According to these deco_mpositions M transforms as (3.5.1:'), M, as (_3.1.§°), ]:/',, as
(1.3.3%, B as (8.1.1°), B as (1.8.1%), Gy as (1.1.8°) and A, as (3.3.3°Y and A as
(3.3.3%), A, = A, +3i6,E respectively. Here

Oxeri =00k + %0, a=0o+100s3, Va=eratierars, a=1,2,3.
The interaction Lagrangian in terms of these decompositions is written as
Liow=eTr(M +BM +M*BM "+ M, AM "+ N A M"

—~MEBM,— N BN, - SMXG oA My

—INIGaNNs ~MIAGN up, + NEAM o, ) + HC @7
(A=1,2,...8) where we defined Gyexu, = GAA;‘Bu,g, A;‘B is a realisation of SU(3)

over U,; ‘*’ over the matrix means complex conjugation, B=1vy,B,, ‘etc. If electric
charge in such a theory is defined as

Q0=0:+Q: (28)

where Q1) is the electric charge operator in SU(3);(2) (cf Giirsey 1975), then matrix
M in the 27-plet of fermions will represent leptons, N, and M, are quarks and
anti-quarks. Among vector mesons we find intermediate bosons of the weak inter-
action B,, and B.“, gluons G4, which mediate strong interaction and lepto-quarks A,,,
whose interactions do not conserve baryon number. The structure of all interactions is
evident from (27). Now we shall discuss briefly the E; theory, which is most interes-
ting in view of the applications. Note that the known decompositions with respect to
maximal subgroup SU(6)® SU®(3) can be easily obtained directly from (13) and

table 2.
56 =(20.1°)+(6.3)+(6.3%) ”
133 =(35.19+(15.3%) + (15.3%)+(1.8°). (29)

In comparison with the above E¢ scheme E-, theory contains a richer spectrum of
leptons, additional quarks, lepto-quarks and intermediate bosons. The kinetic term of
the theory is built with the help of invariant

e+ +TrH{X*X}+ Tri{Y*Y). (30)
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The unitary transformation, connecting representation 56* and 56, can be easily
found

(This reflects the pseudoreality of this representation.) Hence, another form of this
invariant exists:

E1ma— Emi+Tri{X,, Yo} - Tri{Xs, Y} (32)
(X;, Y;, &, mi), i = 1,2 are two 56-plets. An interaction is given by invariant
E¥ A £+ n*Aen+Tr3{X*, Ap, X} +Tr3{Y* Ag, Y} +HC (33)

where Ag, is the E; transformation given in table 2 in which all parameters are
replaced by corresponding gauge fields which are multiplied by y matrices. The
kinetic term and interaction for vector fields are built with the help of invariant

Tr(ai@ﬁ@f&ﬁ) (34)

(# denotes quaternion conjugation), in complete analogy with E¢ theory. Again, the
introduction of scalar 56-plet or 133-plet is possible. Its self-interaction is given in the
first case by the invariant

TrH{X xX, Y X Y}—¢Tr HX x X, X} = nTr3{Y X Y, Y}=§Tr3{XY}-&n) (35)

(cf Jacobson 1971). To understand the structure of the theory we need the interaction
Lagrangian in a reduced form. Making use of decompositions (notation is the same as
in table 2)

X =Mu¥ +M uo+Muk +N,u,
Y =Puf + P uo+ Pouk + Tolta (36)

T -
a=aUd +aouo+ aul + dglta

we obtain the Lagrangian of interactions as a sum of terms (27) for X and Y
separately and the following expression carrying new peculiar E; interactions

PLinr, =eTriIM aiP+M*atP ~M*a*P, — M G T, —M¥asP. - M*i%P"
+eupyMEasT, ~ N ad T, ~ N¥a*P+ e, NE¥a5P, —Tr(M)ac P
+ATr(M)a %P, +3Tr(M)a % T, + Tr(M*)Tr(a$ )P — M "PTr(as)
+IM*P, Tr(ad)+ANE T, Tr(ag)—M*a§ Tr(P) - IM %G % Tr(P)
~iN¥a, Tr(P)~3ipM "M +35ip (MAM, + NIN)~in({M " ao}

—(M%a, +N%3))+(X > Y, a* > —a, n > —§) +1&p¢ +5ETr{{aoP}
—(GaPs ~ au T, —ifign —3ifi Tr{{ac M} — (@XM, + GEN, )] +HC.  (37)

Here (X > Y,a*-> —a, n—> —¢) denotes terms obtained from the previous ones by
these replacements.
The Lagrangian (37) has a clear structure and fixes all the new couplings in the

theory in comparison with that of E,. Its length reflects a richer symmetry in the E,
case.
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3. Conclusion

Thus, it has been shown that the 3 X 3 matrix formalism gives the exceptional gauge
theories in compact and clear form and essentially simplifies their treatment. The
evident structure of the theory in such a formalism makes the task of physical model
building much more easy and clarifies the problem of assignment. These subjects will
be discussed elsewhere.
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